STATISTICS IN MEDICINE
Statlst. Med. 2000; 19:2975-2988

Maximum likelihood estimation for longitudinal data
with truncated observations?

Kishan G. Mehrotra!, Pandurang M. Kulkam1 Ram C. Tripathi® and
Joel E. Michalek**!

! Department of Electrical Engineering and Computer Science, Syracuse University, Syracuse, NY 13224, U.S. A.
2 Department of Mathematics and Statistics, University of South Alabama, Mobile, AL 36688, U.S.A.

3 Department of Mathematics and Statistics, University of Texas at San Antonio, San Antonio, TX 78249, U.S.A.
4 Directed Energy Bioeffects Division, Air Force Research Laboratory, Brooks AFB, TX 78235, U.S.A.

SUMMARY

We obtain maximum likelihood estimates of the parameters when the observations on the response variable
in a repeated measures design are truncated above a cutpoint. The maximum likelihood equations are solved
iteratively using an EM-like procedure. It is observed that these estimates have smalier mean squared error
than recently proposed iterative weighted least-squares estimates. The results are applied to data arising from
a gtudy of dioxin elimination in Air Force veterans. Published in 2000 by John Wiley & Sons, Ltd.

1. INTRODUCTION

In longitudinal medical studies a certain population is followed over a peried of time to observe
and understand particular characteristics of a disease or an exposure. In such studies the response
variable of interest, such as blood pressure or cholesterol level, is compared at various time points.
If one is observing several groups of subjects, comparisons are often made between these groups.
One important aspect of these studies is that groups of subjects as a whole are of interest, rather
than individual subjects. In population pharmacokinetic studies, subject effects might also be of
interest. With multiple measurements per subject (either replications at a given time point or
longitudinal measurements over a period of time) subject effects can be estimated.

Truncation introduced through the subject selection process poses interesting complications in
the analysis of some longitudinal studies. For example, Davis [1] reported a study in which men
aged 35 to 39 years were screened for cholesterol levels. Only those men whose cholesterol level
exceeded 265 mg were selected for the trial and a treatment was administered to them. Even though
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2976 K. G. MEHROTRA ET AL.

it was natural to give treatment to only those with a ‘problem’, this selection procedure introduced
truncation and the effect of the treatment was confounded with the well known regression toward
the mean effect. This aspect is well recognized and has been addressed for Davis’s data [2] and
other similar studies [3]. Lin and Hughes {4] have also studied the effects of interventions and the
regression toward the mean effect. If a study is well designed then truncation is generally not a
problem [5].

A pharmacckinetic study of 2,3,7 8-tetrachlorodibenzo-p-dioxin (dioxin) within the Air Force
Health Study (AFHS) provides the motivation for this article. The AFHS is a 20-year prospec-
tive study of veterans of Operation Ranch Hand, the unit responsible for the aerial spraying of
Agent Orange and other dioxin-contaminated herbicides in Vietnam from 1962 to 1971. Physical
examinations were administéred to veterans in 1982, 1987 and 1992. In 1987, all willing Ranch
Hand veterans were asked to contribute blood for a dioxin assay and 870 received quantifiable
results [6]. Out of these 870 Ranch Hand veterans, 343 who had a dioxin level greater than 10
parts per ftrillion (ppt) in 1987, a value well above the average background exposure level, and
had stored serum from the 1982 examination were selected. The reason for this selection criterion
is that once an individual reaches background levels, his body burden achieves a steady state
condition characterized by daily intake from multiple sources being roughly equal to whole-body
elimination [7]. These 343 veterans were invited to give blood again in 1992, In the subsequent
pharmacokinetic study, only those veterans whose levels were above 10 ppt at all three physical
examinations were included. This selection procedure caused multi-dimensional left truncation and
reduced the study to 240 veterans [8].

For each Ranch Hand veteran, the initial dioxin dose was unknown because the exposure oc-
curred before the herbicides were known to be contaminated. The goals of the pharmacokinetic
study were to find an estimate of the elimination rate of dioxin in these veterans and to assess the
significance of changes in the elimination rate with body fat and age. The AFHS pharmacokinetic
study is unusual because (i) the observations are truncated, (it) each subject’s observations over
the time periods are correlated, (iii) subject effects may be important, and (iv) factors such as
age and body fat may influence the elimination rate. If the subject effect mentioned in (iii) is
fixed, it allows each subject to act as his own control but introduces a large number of nuisance
parameters. _ _

The estimation of the elimination rate of dioxin has been the subject of several articles [8—10].
-In all of these studies a one-compartment first-order elimination model, with elimination rate A,
was assumed to hold. If C;; denoctes the jth of a sequence of k¥ concentrations for the ith subject
and Cj is the-initial concentration, then the first-order model is given by

Cy = Coe™™ (1)

Because not all subjects were exposed at the same time, we have considered ¢, the time in
years from the date of exposure to the date of the jth concentration measurement, to be subject-
dependent. Based on (1), the half-life is given by In(2)/4, where In denotes the natural logarithm,
Taking the natural logarithm of (1), we obtain

In{Cyy) = In(Cio) — Aty | (2)

Considering (2) as a motivating equation, Michalek et al [8] studied the weighted least-squares
{(WLS) estimate of the slope parameter in a fixed-effects repeated measures linear model

y;j=ﬁo+1':+ﬂ1!gj+£:j, i=1,...,n,j=1,...,k (3)
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where yy; represents In(Cy), fi= — A, and 7; represents the ith subject effect. The WLS method
is an obvious choice for estimation because it does not require knowledge of the distributional
properties of the underlying random variables. It is generally difficult to obtain WLS estimates
when n is large becawse the procedure requires the inversion of an (n + 1) x (n + 1) matrix,
Additionally, WLS estimates are biased if the observations are truncated.

Michalek et al. [8] derived a closed form WLS estimate of 8, in some important special cases
and used it to estimate the bias caused by truncation. The bias in the WLS estimate of f; is
a non-linear function of the parameters, Correction for the bias could be made by replacing the
parameters by their estimates, however there is no guarantee that the bias corrected estimate would
be unbiased. As an alternative, they presented an ad hoc iterative procedure to eliminate the bias.

In this paper we obtain maximum likelihood (ML) estimators of the parameters based on the
truncated observations. In Section 2, with restriction to the complete sample situation, we present
closed form expressions for the WLS estimates of the parameters in a general fixed effects model.
We also describe an iterative procedure to calculate the ML estimates of parameters when the
observations are truncated. In Section 3 we derive the variance-covariance matrix of the ML
estimates under truncation via inversion of the information matrix. In Section 4 we obtain the ML
estimates for the AFHS data, compare them with previously published WLS estimates and present
a simulation study to compare the ML with the WLS estimates obtained using the iterative bias
correction procedure of Michalek et al. [8].

2. ESTIMATION OF MODEL PARAMETERS

We consider estimation of the parameters of the linear model with fixed subject effects and repeated
measures in the context of left truncation; a similar development can be addressed for right or
middle truncation. Let p; be the random variable representing the k observations associated with
the ith subject with mean 8, = o1 + f,¢; + 7,1, where ¢/ = (¢, 42,. .., %), and 1'=(1,1,..., 1) are
k-dimensional column vectors. Then, the model in (3) can be written as

yi=gi+€b i=1,...,n (4)

We assume that the errors €; follow a multivariate normal distribution with mean 0 and covariance
matrix £ and that the 7,’s satisfy the restriction >, , 7, =0.

ML estimation of location and scale parameters under truncation has received considerable atten-
tion for the univariate nermal case. Under truncation and censoring, the expectation-maximization
(EM) algorithm is a useful iterative approach due to the non-linearity in the maximum likelihood
equations. To use the EM algorithm, the truncation problem is treated as a censoring problem [11],
An ML estimate of the location parameter can be obtained if the scale parameter is known, If the
scale parameter is unknown, then the bias in both estimators is large and increases with the amount
of truncation. Thus, we obtain an external estimate of the scale parameters and then find the ML
estimates of the location parameters. Pantyla and Pollock [12] used a similar approach in variance
component models with serial correlation, even though they had complete samples. Regression
models with truncation have been discussed extensively in the literature [13,14]. A general. dis-
cussion of the repeated measures model with fixed effects and truncation has not received much
attention, -however. ' i :
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2978 K. G. MEHROTRA ET AL,

We derive ML estimates for the location parameters in (4) under the assumption that y;>a
for all values of i where a is a known constant vector. We -assume that £2 is known or can be
estimated externally. Then the logarithm of conditional likelihood function is given by

ln(L) Eln(f(y:,ﬂ)) Eln(S(a,@)) (5)

where S(a,0;)= f:° F(p1,8,)dy, is the survival function for the #th subject and f(y;,8;) denotes
the multivariate normal density with mean @; and covariance matrix 2. The first term on the right -
hand side of Equation (5) is the ‘usual’ log-likelihood for the full sample without truncation,
whereas the second is due to the truncation. Under the assumption of normality, the ML estimates
obtained by using the first component alone are the same as the WLS estimates, an observation we
exploit in the computational algorithm. Hence, we first derive the WLS estimates of the location
parameters without the truncation. Then we derive the ML estimates after accounting for the
truncation.

2.1. Weighted least-squares estimates: without truncation and with fixed subject effects

For complete samples, the WLS estimates are obtained by minimizing Q= 2:.;, (n—6)YQ 1 (y—
#;) and this does not require the assumption of normally distributed errors. Normal equations for
estimating Sy, ﬁ1 and the 1;’s are

6[90 E] 17y - 0)=0, 2—5 =§t§ﬂ—‘(y,- ~6)=0 o
‘;—g=1'9-1[(y,- —ya)—(8; = 0,)]=0, fori=1,...,n—1
With 2 =1/Q~'1, the WLS estimates of fy, f; and 1; obtained by solving (6) are
b= o [Srec] - 4 S
B = a4y = L, (V) 'e) b

@3 H = o, (V)R- )

f = SO =Pl - O = DI, =1L

Though these derivations follow from standard multivariate normal regression theory, the closed
form expressions are needed to avoid matrix algebra during a simulation study, described in
Section 4.2, and to motivate a bias calculation, given below.

In the absence of: fixed subject effects in (4), the normal equations {(6) are similar to the
‘classical’ normal equations of linear regression. The only difference is that all £ ebservations
associated with the ith subject are represented by a scalar variable u; =1’Q2~!y,, Similar scalar
reductions are -obtained for the independent variables ¢, i=1,...,n. Thus, without adjustment for
subjects, a repeated measures regression model can be v1ewed as a s1mple linear model with a
change of variable.

For k=3, t;=t1 + Ae, with ¢’ =(0,1,2) (that is, successive observations taken at equally
spaced intervals of time of length A for each subject, a common feature of pharmacokinetic
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studies), and € having an autoregressive order one (AR(1)) structure, the WLS estimate of §,
simplifies to fﬂ =(2rA)"1 30 (3 — yu), an estimate studied by Michalek et al. [8]. The same
estimate of f; is obtained when ) is a Toeplitz matrix of order 3. The expression for fﬂ for larger
values of k, when € is either an AR(1) or Toeplitz, is straightforward to obtain.

The WLS estimate of §; is biased if the observations are truncated. Given the above expression
offf\] in (7), when y;>ea, for i=1,...,n, the bias is

ad U7 H =Y (VQTTH)(VQ )

bias(f1) =~ S QT3 (U101

where H; = H(a — 8;) is the multivariate hazard vector [15]. This bias was studied by Michalek
et al. [8] for the special case of £=13, ;=11 + Ae, and ) having an AR(1) structure. The bias
is a non-linear function of f; and the other parameters, making the distribution of its estimate
difficult to characterize.

2.2. Maximum likelihnood estimates: with truncation and fixed subject effects

In the previous subsection, truncation was ignored. We now consider parameter estimation using
the maximum likelihood method while accounting for the truncation. The WLS estimates were
obtained by ignoring the second component of the log-likelihood expression in (5) whereas the
ML estimates account for truncation and are derived using the entire likelihood. The ML estimates
are solutions of the following system of equations:

dnL =
a_l’;():i_z;l ro-'(; —0)— zm 'E(y; — 0, yi>a)=0
élnL 2 LN
6_13;=>; Q7 (y — )—gt:n 'E(y: — 0]y >a)=0 (8)
and, for i=1,...,n—1
3]IIL fl 1 ro—1
T =V - ) - (60— 0] - 10 [EQyi — 0:|yi>8) — E(yn — Ox | ys>a)] =0

where E(y; — 6;|y;>a) denotes the conditional expectation of y; — @; given y; >a. The second
terms of the above equations introduce non-linearity, Therefore, a solution must be obtained by an
iterative procedure. The Newton—Raphson method or the scoring method could be used. However,
these metheds require evaluation of the second derivatives of the likelihood function, which, in this
context, would require derivation of second-order conditional moments, The estimation problem
can also be treated as a censoring problem and the EM algorithm can be used. Here, we work
with the truncation problem in its true setting by using the following iterative procedure.
Step 0. Calculate the WLS estimates of the Jocation parameters and use them as the initial esti-
mates Sy(0), f1(0) and %(0), to obtain 6,(0), for i=1,...,n
Step 1. R
(a) Evaluate E(y; — 0,(0)|y:>a), for i=1,.
(b) Calculate yf = Y — E(y, — 6(0)[ y,>a) for each value of i. Usmg ¥y} in place of y,
in (7), obtain Bo(l) ﬁl(l) and 7;(1) for i=1,...,n, and calculate 6;(1) for i=1,.
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Step 2. Repeat step 1 with 01(0) replaced by 0(1) Repeat this procedure until the difference
between two consecutlve estimates is negligible.

Repeated substitutions of p}* into equation (7) (the WLS estimates) lead to the ML estimates
(solution of equation (8)) with the most recent parameter estimates substituted into the conditional
expectation. A method for evaluating the conditional expectations in step 1(a) is given in the
Appendix. Apart from numerical integration of the conditional expectations, the ML estimates are
no more difficult to compute than the WLS estimates. Our iterative ML procedure is similar to the
EM algorithm. In the classical EM algorithm the expectation of the unobservable component of
the log-likelihood function is obtained, whereas we estimate the conditional expected value by the
most recent estimate of the unknown parameter 6. Although no theoretical convergence results are
yet available for our procedure, we have conducted a simulation study (summarized in Section 4)
to indicate its convergence properties, unbiasedness and the efficiency of the final estimates. These
results are not confined to left truncation. In the general case, the log-likelihood function will
consist of components associated with subsets of data which are complete, left truncated, right
truncated, and (or) both and the associated conditional expectations can be derived.

In the repeated measures model (4), we assumed that the subject effects were fixed. If the subject
effects are random, there is no truncation, and a normal distribution assumption is made, then
various estimation procedures are available. An EM algorithm for ML estimates for such settings
was introduced by Laird and Ware [16]. Estimation for a general case including the growth curve
models is discussed by Lindstrom and Bates [17]. For the general censored case, the estimation
problem for the mixed effects repeated measures model has been considered by Hughes [18].
In this situation, information regarding censored observations is available. For example, for each
subject the censoring value and some covariates are usually known and this information is used
in estimation and inference, In truncation, observations are made only if specified conditions are
satisfied. Thus information for subjects that do not satisfy the condition is either unavailable or
not used. For the truncated situation with random subject effects, equations like those in (8)
can be derived in a similar manner. The first two equations remain the same but the equation
corresponding to the estimation of the variance component is complicated. Numerical optimization
methods can be used to directly maximize the likelihood function with respect to the parameters
of interest.

3. THE INFORMATION MATRIX FOR ML ESTIMATION UNDER TRUNCATION
WITH FIXED SUBJECT EFFECTS

An estimate of Fisher information matrix, #, is obtained by evaluating the hegative of the second
derivatives of the log-likelihood at the maximum likelibhood estitmates. For our model, .# i an
(n+ 1) x (n+ 1) matrix. Let d,; denote the partial derivative of — InL with respect to a and 5.
Then

dﬁoﬁo = E lrﬂ_l \Il(a, 9; )Q_l'l
\ dpyp, = E (0" %(a, )0,
dpopy = E 1 (a, 6,)0~"
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Likewise, for i=1,...,n—1, j=1,...,n—-1
de, =101 {V(a,0)) + ¥(a,0,)}027'1
e, =107 0(a, 0,071, for i)
dpyey = 127 {T(a,8;) — ¥(a,0,)}020"1
dpe, =1V 1 0(a,0)07 ', — /010 (a,0,)07 s,

where ¥(a,0;) denotes the conditional covariance matrix of yp; — 8; given y,;>a. Conditional mo-
ments can be evaiuated by numerical integration. The case k=3, 2 having an AR(1) structure
and o?=1 is described in detail in the Appendix and some other special cases are briefly out-
lined. Owing to the structure of the information matrix, its inversion can be reduced to that of
smaller dimensional matrices. We write .# in block form as 4 =((#,)), where 4| represents
the information sub-matrix associated with f, and f:, #y; represents the information sub-matrix
associated with t,, for i=1,...,n — 1, and #1; =% represent the cross-information sub-matrices,
Then, %, =diaglg1,...,0n—1] + 0nle—11,_,, where ¢;=1'Q"1¥(a,0,)2~1 and 1,_, denotes a
(n — 1)-dimensional vector of all 1’s. Using this property of %, we find

o' =diagler ..., 0 0,] - ﬁ;‘l‘j(& RPN s { (TR
Using the above blocking and the block inverse approach described by Rao [19], the asymptotic
variances and covariances can be estimated for all parameters, In other words, the numerical
inversion of .#, whose size is (n+1) x (n+1), is not necessary. Instead, estimates of the asymptotic
covariance matrix require inversion of only a 2 x 2 matrix. This is an important reduction because
the inversion of large matrices can slow the computation or require extensive computing resources.

4, APPLICATION: THE AIR FORCE HEALTH STUDY

In this section we apply the WLS and ML methods to estimate parameters using AFHS data. In
earlier analyses of these data [9,10], investigators found that the log-concentrations of dioxin in
Ranch Hand veterans were normally distributed. A subject was included in the pharmacokinetic
study if his observed dioxin level in 1987 was greater than 10 ppt, which was the 98th percentile
of the control population and the 40th percentile of the Ranch Hand population. Selected subjects
were asked to give blood for the dioxin measurement in 1992, and frozen serum.drawn in 1982
was also analysed for dioxin. The study was further reduced to the 240 veterans with dioxin levels
greater than 10 ppt in 1982, 1987 and 1992,

Figure 1 shows the profile plot of log{dioxin) concentrations versus time. Between-subject vari-
ation is most likely due to differences with regard to the initial dose during service in Vietnam.
Within-subject variation could be caused by varying rates of dioxin ingestion and elimination after
service in Vietnam, The ingestion rate may vary with diet or occupation. Dairy products, and
fish are major food sources in industrialized countries. People involved with waste incineration,
or who work in the production of bleached paper products, have a greater exposure opportunity
than people who are not similarly employed. The elimination rate is known to vary with body fat;
heavier men eliminate dioxin more slowly than lean men [10]. Variation due to measurement error

Published in 2000 by John Wiley & Sons, Ltd, Statist. Med. 2000; 19:2975-2988



2982 K. G. MEHROTRA ET AL,
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Figure 1. Log(dioxin) versus years from exposure in Vietnam in 240 Ranch Hand veterans with three dioxin
measurements per subject, each greater than 10 parts per trillion.

is most likely a small component of the total variation because the serum dioxin measurement is
highly accurate [20].

4.1. Estimation of the elimination rate with fixed subject effects

Previous investigators [8] assumed that the observations on a subject followed an AR(1) correla-
tion structure. In their analyses, external estimates. of the correlation and standard deviation were
obtained. In order to estimate the correlation, a regression to the mean method proposed by Mee
and Chua [21] was utilized. Using this method, two correlations (between 1982 and 1987, and
between 1987 and 1992) were averaged to estimnate the common correlation. Further, since the
error variance of the original model is the variance of the untruncated observations, the estimated
standard deviation (1.04) of all of the log-transformed observations in 1987 was used as an external
estimate.

Michalek er al [8] gave an iterative procedure to obtain an unbiaged WLS estimate of f;.
In this procedure they obtained the WLS estimate of f;, used this estimate to retruncate the
given data set so that the WLS estimate from the new data set was less biased than the previous
estimate, and continued in this manner until the estimate stabilized. Their final estimate was an
unbiased weighted least-squares (UWLS) estimate. In our analysis, the same external estimates
of the correlation and standard deviation were used as in Michalek es al. [8], and we used the
WLS estimates as the first step in the ML procedure. To implement the iterative ML procedure
we calculated the conditional expectations using FORTRAN subroutines based on formulae given
in the Appendix. The process converged in six iterations. The ML, WLS and UWLS estimates
and their standard deviations {SDs) are listed in Table 1.

The ML estimates of the elimination rate (0.08021/year) and half-life (8.64 years) are numer-
ically similar to the UWLS estimates (0.08125/year and 8.53 years); approximate 95 per cent
confidence intervals for the elimination rate using the ML and UWLS procedures are 0.0705 to
0.0899/year and 0.0718 to 0.0907/year and the corresponding confidence intervals for the half-life
are 7.71 to 9.83 years and 7.64 to 9.65 years, respectively.

The ML estimates of the 240 subject effects were also calculated, but are not presented here. It
is clear from Table I that the ML and UWLS estimates of f) are comparable in magnitude and
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Table I. Parameter estimates for the AFHS data.

Parameter WLS* ML} UWLS?
Estimate SD Estimate SD Estimate SD

o 530189 02262122 4.99042 0.11676890  5.37851% 1

B —0.07768 0.0033044 --0.08021 0.00493588 —0.08125 0.00483735

*The WLS estimate without truncation is based on 213 observations (Michalek et al. [8]).
'ML with truncation.

'UWLS with truncation.

SThe estimate of B, may not be unbiased.

TNot reported in Michalek e al. [8].

standard deviation. Michalek et al. [8] noted that the WLS estimate of §, was positively biased.
Both the UWLS and ML estimates seem to adjust for the bias in the correct direction. Even though
the WLS estimate has a smaller standard deviation, its estimated mean squared error was found to
be larger than that of the UWLS estimate in the actual analysis and in a simulation study [8]. A
theoretical comparison of the relative efficiency of the ML and UWLS estimates is difficult. The
following simulation study, however, provides some useful information on their relative behaviour.

4.2. Simulation study with fixed subject effects

To study the relative performance of these iterative algorithms we conducted a simulation study.
We generated three-dimensional random vectors from a normal distribution with AR(1) structure
and fixed subject effects. The true values of fy and f; were chosen as 0 and 1, respectively,
The autocorrelation ranged from 0.0 to 0.9 incremented by 0.3. We defined ¢% =1, used 10000
simulations, and prescribed a maximum number of 100 iterations. Samples of size n=50 were
generated from which truncated observations were obtained using several levels of truncation.
The truncation points were predetermined and the level of truncation ranged between 35 per cent
and 80 per cent. The percentage of observations remaining after truncation is denoted by Sy. We
considered relatively high levels of truncation because we believe that is where the strength of the
procedure can be measured. The iterative procedure stopped when the absolute difference between
the successive estimates of By and §; were simultaneously less than 10~* for the ML estimate
while for the UWLS estimate this condition applies only to f,. The UWLS estimate of S, does
not play a role in the UWLS iterative procedure. The percentage of the final remaining sample
size resulting from the iterative method for the UWLS estimate is denoted by §; and the mean
squared error is denoted by MSE. The simulation results are summarized in Table II. '
The results in Table IT indicate that, for most of the cases, the bias in the UWLS estimate is of
the order of 1073, The observed bias of the ML estimate is slightly greater than that of the UWLS
estimate. Based on this observation it would appear that the UWLS estimate should be preferred to
the WLS and ML estimates, However, the ML estimate is more efficient than the UWLS estimate
because its MSE is always smaller than that of the UWLS estimate. The reduced efficiency of the
UWLS estimate may be caused by the reduction in sample size that occurs during the -iteration.
Often §; is much smaller than Sy and in some cases as small as half of S;. Additienally, the bias
reduction property of the UWLS procedure has been shown only for the slope parameter (5,).
We have verified that, under the conditions for which the UWLS estimate of 8, is unbiased, the
WLS estimate of the intercept is biased. An expression for the bias in the intércept. estimate is
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Table II. Properties of the ML and UWLS estimates for n =30 under truncation.

ML : UWLS

BU Bl ﬂo ﬁ]
So - Est MSE Est MSE Est MSE Est MSE S
p=00
58 0.0317 02985 1.0119 0.00650 0.1569 09761 1.0029 001104 36
42 0.0604 0.4597 1.0133 0.00946 —0.0683 4.8710 1.0059 0.02096 22
28 00792 08007 1.0163 001540 -09951 209173 10008 003428 14
18 0.0816 1.6113 1.0219 0.02902 -—-2.3708 414758 09663 0.04679 7
p=03
61 0.0017 02607 1.0129 0.00529 02541 05482 09996 000882 38
47 0.0242 0.3965 1.0149 0.00755 0.1777  1.5886 1.0007 0.01438 26
33 0.0470 06776 1.0172 0:01199 -03011 89125 10019 0.02587 16
21 0.0525 1.3153 1.0222 0.02162 13867 269691 09874 003827 10
p=06 _ ' ‘
63 0.0262 01916 1.0076 0.00317 03658 04192 1.0006 0.00565 39
49 0.0599 02892 1.0081 0.00437 03444 09109 1.0023 0.00917 27
35 0.0971 04992 1.0084 0.00679 0.0450 45991 1.0038 0.01599 17
23 0.1082 09628 1.0115 001201 -—-0.8098 16.3475 09965 0.02501 10
p=09 .
65 0.0470 0.0923 1.0023 0.00078 03970  0.2203 09999 0.00095 58
52 0.0877 01357 1.0020 0.00100 0.5256. 03636 1.0000 000129 44
38 0.1350 0.2184 1.0017 0.00139 0.6183  0.5407 1.0002 0.00196 31

26 0.1794 04022 1.0018 0.00221 0.5973  1.0585 0.9994 0.00337 20

Sp = per cent of observations left after truncation.
Sy = per cent of observations left after final iteration in the UWLS procedure.

given in the Appendix. Although fp is not needed to estimate the elimination rate in the AFHS,
because 1= —f;, one may be interested in the simultaneous estimation of all parameters of the
model. In that case, ML estimation would be the preferred method. The results in Table II show
that the ML estimate of By is far superior to the UWLS estimate, Results for n=100 and p =0.3,
summarized in Table III, confirm the above findings in a larger sample. Similar results (not shown)
were obtained for negative values of p.

The number of iterations in the ML procedure generally increased with increased truncation but
did not seem to depend on the value of p. For the lowest truncation level, the number of iterations
ranged between 6 and 20 with an average of 11, whereas for the highest truncation the range
was between 6 and 67 with an average of 20. The number of iterations required for the UWLS
procedure also increased with increased truncation. The number of iterations ranged between 2 and
8 for the lowest truncation and between 2 and 10 for the highest truncation. The averages were 3
and 4, respectively. '

The study of dioxin elimination is an important occupational health and environmental issue,
but few studies have data on humans. The AFHS is the most extensive among these. Therefore,
every effort should be made to explore all possible ways of analysing the data. With respect
to the elimination rate, the. three procedures WLS. (without truncation), UWLS (accounting for
truncation), MLE (accounting for truncation), and the simulation study suggest that the estimated
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Table III. Properties of the ML and UWLS estimates for n =100 and p=10.3 under truncation.

ML UWLS

Bo i Po H
So Est MSE ‘Est MSE Est . MSE Est MSE Sy

63 00192 01230 10095 0.00244 "0.3962 03162 1.0009 0.00376 44
50 00448 0.1805 10104 0.00334 0.4845 0.5252  1.0017 0.00606 30
36 00769 02976. 1.0114 0.00507 0.4612 1.6210 1.0034 001203 18
24 01036 05407 10133 0.00852 —0.0666 10.2690 1.0039 (0.02378 10

So = per cent of observations left after truncation.
8y = per cent of observations left after final iteration in the UWLS procedure.

elimination rate accounting for the truncation is similar to the estimate without accounting for
the truncation. Correspondingly, the half-life estimates are similiar, the estimates of half-life being
8.89 years, 8.64 years and 8.53 years using WLS without truncation, UWLS with truncation and
the MLE with truncation, respectively (Table I). Although the truncation effect in the AFHS seems
to be minimal, in other studies this may not be the case. In other studies, the methods developed
here can be used to account for the truncation,

5. DISCUSSION

We have addressed the issue of location parameter estimation in the presence of truncation with
repeated measurements and fixed effects when the scale parameters are known and have obtained
expressions for the WLS estimates in a general setting with complete samples, We have shown
that the calculations required for the ML estimates are no more difficult than those required for the
WLS estimates, except that the ML estimates require the conditional moments of the individual
observations. To facilitate the evaluation of these conditional moments, for k=3 and AR(1) struc-
ture, we have given expressions that require only one-dimensional numerical integration. For some
other special cases with higher dimensions (% >3) we have shown how to obtain these conditional
moments with lower dimensional numerical integration. The ML estimates under truncation fall
into the standard ML class and their stochastic properties follow from standard theory. Thus, the
asymptotic distribution of ﬁo and ﬁl is bivariate normal with covariance given by the inverse of
the Fisher information matrix. In obtaining the variances of the intercept and slope estimators we
needed to invert the whole information matrix, but we made use of the structure of the information
matrix to reduce its inversion to that of a 2 x 2 matrix.

Our results show that the ML and UWLS .estimates are comparable if, as in the AFHS, one is
interested in estimating only f;. However, if all parameters are of interest, then the ML method
appears preferable, particularly because the intercept estimate is more stable. In the applications,
we have concentrated on the AR(1) correlation structure, however our results are general and can
be used for other covariance matrices as well. The complexity of the problem is essentially in the.
numerical integration of the conditional expectations needed in step 1 of the ML procedure. The
regression model and the ML procedure can be extended to include covariates,
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~ APPENDIX

We derive the conditional expected value and variance of y; given that it takes values larger
than a. In the following development, for ease of presentation and without loss in generality, we
drop the subscript / from p; and the associated mean ;. For convenience we consider the case
& =a(l,1,...,1). The general case follows similarly. It is convenient to derive these results in
terms of the centred random variable z =y — 8. The condition y>a then becomes z>a — 0.

Case I: k=3, £ has AR(1) structure and ¢%=1. We assume that the three-dimensional ran-
dom variable z is normally distributed with mean 0 and covariance matrix (2, which satis-
fies AR(1) properties. Owing to this property, the conditional distributions of z; and z3 given
zo are stochastically independent. Congequently, the joint djstriblﬁtion of z can be written as
1@ = filz1 |2) fo(zs |22 olza) whete fi(zj | z2)=2n(1 — )% expl—%7225), j=1,3 and
Jf2(z2) = ¢{z2) represents the den51ty function of the standard normal random variable. This al-
lows us to write S(a,0)= [ [* [* f(y,0) dyp= [~ =5, 51(a,22) 53(a,22) $(z2) dzp, Where for

J=13, si(a,z20)= fa—-ﬂ fiz)|z2) dzj=1—®[((a — 0;) — pz2)/+/(1 — p 2)] and & is the standard
normal distribution fu.nctlon In most computer programs the standard normal distribution function
is expressed in terms of the error function ‘erf’ and is therefore convenient to evaluate. Thus,
S(a,®) can be evaluated as a one-dimensional integral in z,.

Conditional expectations: It can be shown that

Elz|z>a - 6]=5"(,0) f sz i) dn
Then, for j=1,3,
| f ol =yan@n) (A1)
a—b; .

where Wy(a,z3) =+/(1 — p*)h(a,z2) + pzs and
hy(a,z2)=¢ ( \/(f pzz)/sj(a,n)

o0

Elz;|z>a—0]=5""(a,0) s1(a,z2)s3(a, z2) (@, 22) fa(z2) dze

a—th

Hence, for j=1,3,

Conditional covariance: The conditional covariance Qf zis
covz|z>a— @] =E[zz’ |z>a— 9] - E{z] 1>a— 01E(Z |z>a~- 0]

The matrix E[zz |z>a — 6] has six distinct elements all of which can be teduced to one-
dlmensmnal integrals. Clearly

B 17>a-01=5"@6) [ siam) sz éen
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Using (9) it follows that for j=1,3
| o
Blyn|z>a-0=5"@0) [ s(an) s(@m) o mnhie) i
a—t: ' ’
and
| N ,
Elz1z3|z>a— 6] =S‘1(a,8)/ - s1(a,z2) s3(a,22) ¥i(a,z2)¥a(a,22) f2(z2) dzp

In order to evaluate E (22 |z>a—0), we need the following intermediate result. Using mtegratlon
by parts, we obtain [ o, 22 fi(zy | 22) dzy = t){a,22) 5,(a, 2), where ty(a,z)=(1—p )+p22%+(1 -
*)2hy(a,z; )@ — 0; + pz2). Hence

le o}
E[z}|z>a —~ 0]=S5"(a,0) ) si(a,z2) s3(a,z2) tia,z2) P(22)dz;
a—uz
Case 2: k=4, 2 has AR(1) structure and ¢ = 1. The joint density of z=y — @ can be written
as : :

F(2)= f123(21| 22, 23) fa23(z4 | 22, 23) f3(22, 23)

where f23, f423 and f33 denote normal density functions with appropriate means and variances.
Thus, the first and second moments of the z;’s can be written as two-dimensional integrals.

Case 3. k=5, § has AR(1) structure and o2 = 1. The approach taken above apphes in these
cases also. For example, for £ =35 the joint density of z =y — @ satisfies

S(@) = f1234(21 | 22, 23,24 ) f5:230(25 | 22, 23, 24) f23(22 | 23) fa (24 | 23) f3(23)

where f1234, f5234> f23, f43 and f3 are normal densities. The survival function and conditional
moments can be reduced to three-dimensional integrals,

Bias in the UWLS estimate of By k=3, t;=41+ Ae, Q has AR({1) structure and ¢*=1.
In the UWLS procedure, the estimate of f§; is unbiased if the first observation is truncated at
a1 =a — 2f1 A, the second observation is truncated at ¢y =a — B4, and the third at a3 =a for
some a. Under these conditions it can be shown that

oo

EBo)=Po+57a%0) | si(a1,z2) s3(as,z2)[¥a(a1,22)

a—0;

+ir3(as,z2) + (1 + plza] fo(z2) dz

where a* = (a1,a;,a:).
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